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1. INTRODUCTION 
In 1960 Trevor Evans proved that a partial latin square of older n 
always can be embedded in a latin square of order 2n [3]. Subsequently, 
the author proved that a finite partial idempotent latin square always 
can be embedded in a finite idempotent latin square [9]. Two serious 
drawbacks of this last result are that the proof is very complicated and 
the containing square is quite large (guaranteeing only that a partial 
idempotent latin square of order n can be embedded in an idempotent 
latin square of order less than 22n). In a more recent paper [8], IIilton 
rectified both of these problems by giving an astonishingly simple con- 
struction which always embeds a partial idempotent latin square of order n 
in an idempotent latin square of order 4n. Hilton’s method is based on 
Evans’ Theorem that a finite partial latin square can be embedded in a 
latin square of order 2n. Recently, Cruse [l] has shown that a finite partial 
latin cube can be embedded in a finite latin cube (actually Cruse proved 
the more general result that a finite partial k-quasigroup can be embedded 
in a finite k-quasigroup). The partial latin cube P is said to be embedded 
in the latin cube Q provided that Q agrees with P in its lower left-hand 
corner as indicated in the accompanying picture. 
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P is embedded in Q. The purpose of this note is to give a three-dimensional 
analog of Hilton’s technique for embedding partial idempotent latin 
squares (i~cor~o~ati~g Cruse’s Theorem in place of Evans’ Theorem) to 
establish the fact that a finite partial idempotent latin cube can be 
emb~dd$d in a finite idempotent latin cube. Unlike Hilton’s result which 
gives a small containing square, the containing ~d~rn~ote~t cube obtained 
by the these-dimel~§io~al analog of Hilton’s method is quite large. The 
reason for this is that while Evans’ Theorem on embedding partial latin 
squares is the best possible with respect to the size of the containing 
square, Cruse’s Theorem on embedding partial latin cubes is nndQnbtedly 
far from optimal with respect to the size of the containing cube 
(guaranteeing only that a partial latin cube of order 77 can be embedded in 
a latin cube of order (24” [I])~ For a very detailed account of finite 
embedding theorems for various types of partial quasigroups and a fairly 
comprehensive bibliography, the reader is referred to [lo]. For a detailed 
account of most of the notions used in what follows the reader is referred 
to [I]. Finally, we remark that everything in this paper isjhite regardless 
of whether or not it is mentioned. 
2. EMBEDDING FMahL IDE~~POTENT L,~TP~ Cun~s 
Apartiul idenzpotent latin cube of order y1 is a partial latin cube of order n 
with the additional rcquiremcnt that cell (i? i, i) is occupied by i for all 
i --= 1, I&..., n. If the word “partial” is omitted from the above definition 
we have the d~~~ition of an ;de~~potent latin cube. A latin cube of order 21 
with the property that cell (i, i, i) is occupied by i for all i = I, 2,..., t 
will be called a 4zaI~~~4~~~~~~ote~~t latin cube. (This definition does not 
preclude that some of the cells (.j,j,,j) for .j >- t may be occupied by ,j). 
The fol~owi~~~ theorem, though easy to prove, is crucial for the main result 
in this note. 
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If Q* is as indicated in the accompanying diagram, then both A and B are 
subcubes of Q* of order / Q /. Now “unplug” A and replace it with Q. 
The resulting cube Q(P) contains P and also has the property that cell 
(j, j,j) for j > 1 Q j is occupied by j. Since none of these symbols are 
involved in the partial cube P, a suitable isotopy transforms Q(P) into a 
half-idempotent latin cube containing P. This completes the proof. 
THEOREM 2, A finite partial idempotent latin cube can be embedded 
in a finite idempotent latin cube. 
Proof. Let P be a partial idempotent latin cube and embed P into a 
half-idempotent latin cube Q based on 1, 2,..., 2t. Now partition Q into 
eight cubes of size t as shown below: 
Q= 
Note that P is contained in P, and that (since Q is half-idempotent) the 
main diagonal of PI is 1, 2,..., t in that order. Now construct latin cubes A, 
B, and C of size 2t as defined below. 
A= 
A is based on 1, 2,..., 2t and the main diagonal of A, is t + 1, t + 2,..., 2t 
in that order. 
B= 
B is based on 2t + 1, 2t + 2,..., 4t and the main diagonal of B, is 
2t + 1,2t + 2 ,..., 3t in that order. 
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C= 
C is based on 2t -t 1,2t + 
3t Al- II,..., 4t in that order, 
2,..., 4t and the main diagonal of C, is 3t f I, 
Let I be the latin cube of size 4.t defined below. Then T is idempotent 
and P is embedded in I (P is contained in PI). 
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idempotent k-quasigroup is a partial k-quasigroup such that (x, x,..., x> 
is defined for all x E Q and furthermore (x, x,..., x) = X. Theorem 2 says 
that a finite partial idempotent 3-quasigroup can be embedded in a finite 
idempotent 3-quasigroup. This shows via an important collection of 
papers by Evans [2, 4, 51 that finitely presented idempotent 3-quasigroups 
are residually finite, hopfian, and have a solvable word problem. All 
attempts by the author to obtain a finite embedding theorem for partial 
idempotent k-quasigroups for k > 3 have failed. Possibly, some variation 
of the technique used in this note can be used to handle this problem. 
However, at present, the author does not see how this can be accom- 
plished. Ganter has shown that a finite partial 3-quasigroup satisfying the 
three identities 
(3) <x3 Y, <x, Y, z> = z 
can be embedded in a finite 3-quasigroup satisfying these identities [63. 
(Combinatorially: A finite partial Steiner quadruple system can be 
embedded in a finite Steiner quadruple system.) What can be said about 
embedding finite partial 3-quasigroups with respect to any one or two of 
these identities? The reader is referred to the excellent paper by Canter and 
Werner [7] for a detailed account of 3-quasigroups satisfying the above 
identities. 
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